Abstract. We show that a strict, nearly Kähler 6-manifold with either second or third Betti number nonzero is linearly unstable with respect to the ν-entropy of Perelman and hence is dynamically unstable for the Ricci flow.
Introduction
Manifolds which admit a non-trivial Killing spinor form a distinguished subclass of Einstein manifolds. Recall that the Killing spinor equation is given by (1.1)
where σ is a complex spinor field, c is a constant, X is an arbitrary tangent vector, and · denotes Clifford multiplication. Let (M, g) be the underlying Riemannian spin manifold and n be its (real) dimension. Since a Killing spinor is an eigenspinor for the Dirac operator: Dσ = −ncσ, the constant c is zero (parallel spinor case), purely imaginary, or real.
In the c = 0 case, we obtain special geometries of Calabi-Yau, hyperkähler, G 2 , and Spin(7) types. By the work of X. Dai, X. D. Wang, and G. Wei [DWW05] , the underlying Ricci-flat metric g is linearly stable. When c is purely imaginary, the manifolds were classified by H. Baum [Bau89] . By the work of Kröncke [Kr17] and the first author [Wan17] , the Einstein metrics (with negative scalar curvature) are also linearly stable.
When c is real and nonzero, the Einstein metric g has positive scalar curvature, and so by Lichnerowicz's theorem it cannot admit any harmonic spinors. T. Friedrich [Fr80] then derived a positive lower bound for the eigenvalues of the square of the Dirac operator, and furthermore showed that the lower bound is achieved precisely for those manifolds which admit a non-trivial Killing spinor. These manifolds are known to be locally irreducible, and cannot be locally-symmetric unless they are spherical space-forms (which we will exclude from our discussion henceforth). While they are far from being classified, there is a wellknown rough classification by C. Bär [Ba93] in terms of the restricted holonomy of their metric cones (R + × M, dt 2 + t 2 g). The only possibilities are SU( ), G 2 , or Spin(7). Thus n can be even only if n = 6, and, in this case, by the work of Grunewald [Gru90] (see also chapter 5 in [BFGK91] ), (M, g) is either isometric to round S 6 or a strict nearly Kähler 6-manifold.
This article examines the linear stability of this class of Einstein 6-manifolds. Recall that a nearly Kähler manifold (M, J, g) is an almost Hermitian manifold that satisfies for all tangent vectors X, where ∇ denotes the Levi-Civita connection of g. The nearly Kähler structure is strict if it is not Kähler. For the purpose of this paper, a closed Einstein manifold (M, g) is linearly stable if for all transverse traceless (TT) symmetric 2-tensors h, i.e., divergence-free and trace-free symmetric 2-tensors, the quadratic form (1.3) Q(h, h) = − ∇ * ∇h − 2Rh, h L 2 (M,g) ≤ 0.
In the aboveR is the action of the curvature tensor on symmetric 2-tensors. (M, g) is linearly unstable if it is not linearly stable. The coindex of a quadratic form is the dimension of the maximal subspace on which it is positive definite. More comments about stability will be given in section 2. Here we only mention that (a positive multiple of) the above quadratic form occurs in the second variation formula of both the Einstein-Hilbert action and Perelman's ν-entropy.
The main result of this article is
is nonzero, then g is linearly unstable with respect to the Einstein-Hilbert action restricted to the space of Riemannian metrics with constant scalar curvature and fixed volume. Hence it is also linearly unstable with respect to the ν-entropy of Perelman, and dynamically unstable with respect to the Ricci flow.
Note that an Einstein metric g is dynamically unstable if there exists a non-trivial ancient rescaled Ricci-flow g t , −∞ < t ≤ 0, such that g t converges modulo diffeomorphisms to g in the pointed Cheeger-Gromov topology. The conclusion about dynamic instability in the above theorem follows from Theorem 1.3 in [Kr15] .
The proof of Theorem 1.4 actually shows that the coindex of the Einstein metric g (for either the Einstein-Hilbert action or ν-functional) is ≥ b 2 (M) + b 3 (M).
By the theorem of Bonnet-Myers, a strict nearly Kähler 6-manifold has finite fundamental group. On the other hand, by pull-back any Riemannian cover of such a manifold also has a strict nearly Kähler structure. From the properties of the transfer homomorphism, the corresponding Betti numbers of any Riemannian cover are at least as large as those of the base. Hence the nearly Kähler metrics on the covers are also linearly unstable.
At present there are very few examples of complete strict nearly Kähler 6-manifolds. Recently, Foscolo and Haskins produced the first non-homogeneous examples of such spaces [FH17] . One cohomogeneity one non-homogeneous nearly Kähler metric was produced on each of S 6 and S 3 × S 3 . Our result implies that the second metric is dynamically unstable. In [WW18] we showed that all the homogeneous nearly Kähler 6-metrics other than the isotropy irreducible space G 2 /SU(3) ≈ S 6 are linearly unstable. Theorem 1.4 provides some additional information for these cases. In the case of (SU(2)×SU(2)×SU(2))/∆SU(2), it was shown in [WW18] that the first eigenspace of the nearly Kähler normal metric has dimension 12 and the corresponding eigenvalue is greater than −2 times the Einstein constant. Hence the normal metric is linearly unstable with respect to the ν-entropy. However, the instability with respect to the Einstein-Hilbert action was unresolved. Theorem 1.4 shows that this is also the case, and further that the coindex of g for the ν-entropy is at least 12 + 2 = 14. As for Sp(2)/(Sp(1)U(1)) = CP 3 , the Ziller metric was shown to be linearly unstable with respect to the Einstein-Hilbert action by appealing to the properties of its canonical variation as a Riemannian submersion type metric. The above theorem gives the instability without resorting to using fibrations or homogeneous geometry. Finally, the coindex of the nearly Kähler normal metric on SU(3)/T 2 is at least 2 since the second Betti number is 2 in this case.
Finally we mention that Theorem 1.4 can be interpreted as a rigidity result in the form of Corollary 1.5. Let (M, J, g) be a simply connected, strict, nearly Kähler manifold that is linearly stable with respect to the Einstein-Hilbert action. Then it is a rational homology sphere. In particular, if H 2 (M, Z) has no torsion, then M is diffeomorphic to S 6 .
The corollary follows immediately from Theorem 1.4 by applying Wall's classification of closed simply connected spin 6-manifolds [W66] . Recall that the absence of torsion in the second integral homology implies that there is no torsion in integral homology, and Wall showed that such manifolds are determined up to diffeomorphism by their integral homology type and their first Pontryagin class.
After recalling in the next section the various notions of stability and those properties of nearly Kähler manifolds that will be used in this paper, the proof of Theorem 1.4 will be given in sections 3 and 4 for the respective cases of b 2 (M) = 0 and b 3 (M) = 0.
Laplace-type operators will be consistent with the Laplace-Beltrami operator on functions given as tr g (Hess g ), for which the eigenvalues are non-positive. When taking the norm of p-forms, unless otherwise stated, we will use the tensor norm, in which one sums over all indices without regard to order.
2.1. Notions of linear stability of Einstein metrics. We next describe in more detail the various notions of stability mentioned in the Introduction. As is well-known, Einstein metrics on closed manifolds are critical points of the total scalar curvature functional restricted to unit volume metrics. The second variation formula at an Einstein metric consists of three parts. For directions tangent to the orbit of the diffeomorphism group, the second variation is zero, and along directions corresponding to conformal changes, the second variation is non-negative as a consequence of the theorem of Lichnerowicz-Obata. Therefore, it is customary to associate linear stability of the Einstein-Hilbert functional with the second variation restricted to the space of transverse traceless symmetric 2-tensors (TT-tensors), which is the tangent space of the space of unit volume constant scalar curvature metrics. By the work of Berger and Koiso, on this space the second variation is given by 1 2 Q(h, h), where Q is given by (1.3). Note that the operator ∇ * ∇ − 2R on TT-tensors at an Einstein metric with Einstein constant Λ is the same as −(∆ L + 2Λ · I) where ∆ L is the Lichnerowicz Laplacian and I is the identity operator. The notion of linear instability given in the Introduction is equivalent to the condition ∇ * ∇h − 2Rh, h L 2 (M,g) < 0 for some nonzero TT-tensor h. Einstein metrics with positive scalar curvature also occur among the critical points of Perelman's ν-entropy [Pe02] . The second variation formula for this functional at an Einstein metric was computed by H. D. Cao, R. Hamilton, and T. Illmanen [CHI04] and explained in detail in [CH15] . (For the corresponding formula at a shrinking gradient Ricci soliton, see [CZ12] .) It likewise consists of three parts. Along directions orthogonal to the orbit of the diffeomorphism group and along the space of TT-tensors, it agrees with that for the EinsteinHilbert action (up to some positive constant factor). Along directions tangent to volume preserving conformal deformations, however, it can only have a positive definite subspace provided there are eigenfunctions of the Laplace-Beltrami operator with eigenvalues larger than −2Λ. In other words, unstable directions are given by these eigenfunctions and by TT-tensors which are eigentensors of the Lichnerowicz Laplacian with eigenvalue > −2Λ.
Hence Einstein metrics (with positive scalar curvature) which are linearly unstable with respect to the Einstein-Hilbert action are automatically linearly unstable with respect to the ν-entropy. As mentioned in the Introduction, Kröncke's theorem implies that ν-linearly unstable Einstein metrics are dynamically unstable with respect to the Ricci flow.
2.2.
Properties of nearly Kähler 6-manifolds. For the convenience of the reader, we will summarise those properties of nearly Kähler 6-manifolds that will be used in the proof of Theorem 1.4. For details and further information, see [Gr70] , [Gru90] , [BFGK91] , [MNS08] , [MS10] , [V11] , and [Fos17] . We will assume that our nearly Kähler 6-manifolds (M, J, g) are complete, strict, and not isometric to round S 6 . We may normalize the Einstein metric g to have Ricci curvature n − 1 = 5. The first Chern class of J is zero, and so M is spin.
In [Gr70] , [Gr72] , and [Gr76], Gray derived many identities involving the complex structure J and the curvature tensor R. Note that Gray's convention for curvature is opposite to ours. The following subset of his identities will be used frequently in the next two sections:
where ω(X, Y ) = g(JX, Y ) is the fundamental 2-form of the almost Hermitian structure;
. Note that identity (2.2), unlike the other three, is true in general only for nearly Kähler 6-manifolds (see Theorem 5.2 in [Gr76] ), and furthermore depends on the normalization of the Ricci curvature of g to be 5. This normalization also fixes the constant c in the Killing spinor equation (1.1) to be 1 2 . Another body of facts about nearly Kähler 6-manifolds that we shall use result from viewing the nearly Kähler structure as a special case of an SU(3) structure on M (see [Hi01] , [CS04] ). Recall that the almost complex structure J acts as an automorphism on the space of complex-valued differential forms, and induces an orthogonal decomposition of this space into forms of type (p, q). (Our convention here is that of [Bes87] , so that J acts on a form of type (p, q) as multiplication by i q−p .) A nearly Kähler structure is characterized by a pair (ω, Ω) where ω is the fundamental 2-form, which is a real form of type (1, 1), and Ω is a complex 3-form of type (3, 0). Let Ω ± denote the real and imaginary parts of Ω. Then ω and Ω + are required to be stable in the sense that their GL(n, R) orbits are open in the corresponding spaces of real differential forms, and
It follows that ∇ω = 1 3
dω. (Notice that if the nearly Kähler structure were Kähler, then ω would be parallel.)
Regarding harmonic forms on M we need the following result of Verbitsky:
) be a strict nearly Kähler 6-manifold. Then the space of harmonic k-forms is a direct sum of spaces H p,q of harmonic forms of type (p, q) with k = p + q, and H p,q = 0 unless p = q or (p, q) = (2, 1) or (1, 2). All harmonic (1, 1)-forms are primitive, as are all harmonic 3-forms.
An alternative proof of the above result can be found on p. 598 of [Fos17] . Associated to the SU(3) structure of a nearly Kähler 6-manifold is the canonical hermitian connection ∇ given by
where ∇ is the Levi-Civita connection of g. Let R and T denote respectively the curvature and torsion tensors of ∇. Then T X Y = −J(∇ X T )Y , and ∇T = 0. The curvature tensors R and R are related by (see e.g. p. 253 of [MS10] ) (2.6)
We shall also need to refer to the decomposition of various tensor bundles into irreducible summands with respect to the SU(3) structure. This material can be found for example in [MNS08] or [Fos17] . We will identify spaces and their duals using the metric g. Because the connection ∇ is a connection on the principal bundle of the SU(3) structure, its curvature R acts trivially on all trivial sub-bundles of these SU(3) decompositions.
Let T denote the tangent bundle of M.
) where the subscripts represent as usual the real dimensions of the irreducible summands. The first summand is the realification of Λ 2 T (1,0) and consists of the skew J-invariant 2-forms. The trivial summand I is spanned by the fundamental 2-form ω. The third summand consists of J-invariant 2-forms which are primitive. In particular, all harmonic 2-forms are sections of this bundle, by Verbitsky's theorem.
Next, we have the orthogonal decomposition
12 is the realification of S 2 (T (1,0) ) and consists of skew J-invariant symmetric 2-tensors. The other two irreducible summands consist of J-invariant symmetric 2-tensors with the metric g generating the trivial summand. We emphasize here that J is acting as an automorphism on the tensors via ( (2.8)
Proposition 2.9. The 3-forms in Λ given by
are surjective SU(3)-equivariant maps with kernel Λ 3 6 . They satisfy the relation
where h ♯ is the self-adjoint endomorphism corresponding to the symmetric 2-tensor h.
Proof. Let η ∈ Λ 3 (T ) satisfy (2.10). We claim it is orthogonal to Ω ± . Indeed, suppressing summation over indices i, j, k, we have
where we have used the J-invariance properties (2.8) of Ω ± . It is straightforward to check that (2.10) holds for η ∈ Λ 3 6 , using the J-invariance of ω.
12 where h ♯ is a self-adjoint endomorphism that anticommutes with J. Using again the J-invariance properties of Ω ± , one easily obtains
where we have used (2.8) and the fact that h ♯ anticommutes with J. By cyclic permutation, it follows that
which implies (2.10).
Moving to the maps σ ± , one easily checks that they are SU(3) equivariant because SU(3) fixes Ω ± . Since the range lies in S 2 T , the equivariance implies that it actually lies in Λ 12 , σ ± is either 0 or multiplication by some nonzero constant. To check this, we choose a J-compatible orthonormal basis {e k , 1 ≤ k ≤ 6} (i.e., e 2k = J(e 2k−1 )) and consider the element h = e 1 ⊗ e 1 − e 2 ⊗ e 2 . We may take Ω + to be the 3-form Re((e 1 + ie 2 ) ∧ (e 3 + ie 4 ) ∧ (e 5 + ie 6 )) = e 135 − e 146 − e 236 − e 245 .
Then η = h ♯ · Ω + = −(e 135 − e 146 + e 236 + e 245 ). It follows that σ + (η)(e 1 , e 1 ) = 4(η(e 1 , e 3 , e 5 ) Ω + (e 1 , e 3 , e 5 ) + η(e 1 , e 4 , e 6 ) Ω + (e 1 , e 4 , e 6 )) = 4(−2) = −8.
An analogous argument gives the result for σ − . This completes the proof of the Proposition.
The b 2 (M) = 0 Case
In this section we will give a proof of the b 2 (M) = 0 case of Theorem 1.4. Recall that Cao, Hamilton, and Illmanen observed in [CHI04] , pp. 6-7, that a compact shrinking Kähler Ricci soliton with b 1,1 ≥ 2 is linearly unstable. Our result may be viewed as the analogue of this observation for complete, strict, nearly Kähler 6-manifolds. In this case, the fundamental 2-form ω is not closed, and by Verbitsky's theorem, any harmonic 2-form is pointwise orthogonal to ω. Hence the analogous condition is b 2 (M) > 0 instead. Of course, since ω is not parallel, the corresponding computations are more complicated.
Let η be a harmonic 2-form and h(X, Y ) := η(JX, Y ). By Verbitsky's theorem, η is J-invariant and primitive. So h is a J-invariant symmetric 2-tensor. Since η is pointwise orthogonal to ω, it follows that tr g h = 0. Note also that h 2 = η 2 since we are using the tensor norm.
Lemma 3.1. h is divergence-free.
Proof. For each x ∈ M we choose a local orthonormal frame {e i , 1 ≤ i ≤ 6} so that the Christoffel symbols vanish at x. Note that {e ′ i := −Je i } is also an orthonormal basis at x. We first claim that
Indeed, by the nearly Kähler condition and the J-invariance of η,
where we have used the fact that η is coclosed in the 4th equality and the fact that h is trace-free in the last equality.
On the other hand, from dη(e i , Je i , e j ) = 0, we obtain 
by using the nearly Kähler condition once more. This proves the lemma.
Next we analyse ∇ * ∇h. By straightforward computations and expressing h in terms of η we obtain
Since η is harmonic, the usual Bochner formula for 2-forms gives
Substituting this into the last expression for (∇ * ∇h) ij and using the definition ofR(h), we get
Note that at this point one immediately obtains the Cao-Hamilton-Illmanen instability result for the Fano Kähler-Einstein case (with no dimension restrictions). Using further (2.1) and (2.2), we obtain
where we have also used the J-invariance of h and the fact tr g h = 0. We now use (2.4) to evaluate the last term above. Then
where we used (2.2) in the last equality above. Hence
It remains to analyse the last term in the above. We have chosen not to substitute the 3-form Ω + for ∇ω, in case parts of our computation can be used for other situations where special 3-forms are not available, e.g., Einstein hermitian manifolds. We have
as before. It follows that
where the first term is a divergence term. For the second term, we have
For the third term, we compute that
where we used the nearly Kähler condition in the second equality, and (2.2) and the pointwise orthogonality between η and ω to obtain the last equality.
Combining these calculations with (3.3) and (3.4), we obtain
which implies that
) . This shows that the quadratic form Q is negative definite on the subspace of TT-tensors corresponding to the harmonic 2-forms on M.
The b 3 (M) = 0 Case
In this section we will prove the b 3 (M) = 0 case of Theorem 1.4 by constructing a destabilizing TT symmetric 2-tensor from any given harmonic 3-form via the isomorphism
12 be a harmonic 3-form, and define
We will show that h η is a destabilizing direction.
This implies tr g (h η ) = 0. Indeed,
since {Je 1 , · · · , Je 6 } is also a local orthonormal frame.
Lemma 4.3. h η is divergence-free.
Proof. As before we still compute at a fixed but arbitrary point x ∈ M, with a local orthonormal frame {e 1 , · · · , e 6 } satisfying ∇ e i e j = 0 at x for all 1 ≤ i, j ≤ 6. The negative divergence of h η is
e i (η(e i , e p , e q )Ω + (e j , e p , e q ) + η(e j , e p , e q )Ω + (e i , e p , e q ))
Recall the identity (see, e.g. p. 64 in [MNS08] )
Moreover, for any fixed 1 ≤ j ≤ 6, (4.5)
12 , e j ∧ ω ∈ Λ 3 6 , and the decomposition in (2.7) is pointwise orthogonal. Here ·, · is the inner product of forms.
Consequently, the 1st term in the above expression of −(δh η )(e j ) vanishes, since
Similarly, the 3rd term vanishes as well. Finally, for the 2nd term, we have
where we used dη = 0 in the first equality, and Ω + , η = 0 in the last equality. Then combining with (4.4) and (4.5) again, we have
Thus δ(h η ) = 0, and it proves the lemma. Now we claim:
This will complete the proof of the b 3 (M) = 0 case of Theorem 1.4.
Proof of (4.6): We still compute at a point x ∈ M with a local orthonormal frame {e 1 , · · · , e 6 } satisfying ∇ e i e j = 0 at x for all 1 ≤ i, j ≤ 6. and similarly for the other two terms.
For the sum of 1st and 2nd terms, we use the identities in (4.4) and (4.5), and then obtain
since ∇ω = Ω + . We also used δη = 0 in the 2nd equality. Then
For the sum of 5th and 6th terms, the identity in (4.4) implies
Thus, (4.7) becomes
The Weitzenböck formula
since η is harmonic. Thus
Substituting this into (4.8) and using
we have (4.9)
In the rest of the proof, we show (4.10)
Then plugging (4.10) and (4.11) into (4.9) completes the proof of (4.6).
Proof of (4.10). By using identities in (2.1), (2.8) in the 2nd equality below, and (2.2) in the 3rd equality below, we have p,q,i,l
Then switching indices j, k gives p,q,i,l
This completes the proof of (4.10).
Proof of (4.11).
Here I and II denote respectively the sum of the first two terms and the sum of the last two terms. We first proceed with the sum I. In the last equality, we used the identities in (2.6) and (4.5), and g(η, Ω + ) = 0. Next, we deal with the last three terms in the above expression of I. The identities in (2.8) and (2.10) imply Thus I + II = −(h η ) jk + 7(h η ) jk = 6(h η ) jk . This completes the proof of (4.11), as well as the proof of (4.6).
